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Studying	
  and	
  analyzing	
  complex	
  networks	
  

is	
  a	
  challenging	
  and	
  computational	
  intensive	
  task	
  

	
  Ø  Today’s	
  networks	
  are	
  massive	
  in	
  size	
  	
  
-­‐  e.g.,	
  online	
  social	
  networks	
  have	
  billions	
  of	
  users	
  
	
  

Ø  Today’s	
  networks	
  are	
  dynamic/streaming	
  over	
  time	
  
-­‐  e.g.,	
  Twitter	
  streams,	
  email	
  communications	
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Due	
  to	
  these	
  challenges,	
  we	
  usually	
  need	
  to	
  sample	
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Given a large graph G represented as a stream of edges e1, e2, e3… 


We show how to efficiently sample from G while limiting memory 
space to calculate unbiased estimates of various graph properties
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§  Random	
  Sampling	
  
•  Uniform	
  random	
  sampling	
  –	
  [Tsourakakis	
  et.	
  al	
  KDD’09]	
  	
  	
  
—  Graph	
  Sparsification	
  with	
  probability	
  p	
  	
  
—  Chance	
  of	
  sampling	
  a	
  subgraph	
  (e.g.,	
  triangle)	
  is	
  very	
  low	
  
—  Estimates	
  suffer	
  from	
  high	
  variance	
  	
  

•  Wedge	
  Sampling	
  –	
  [Seshadhri	
  et.	
  al	
  SDM’13]	
  	
  
—  Sample	
  vertices,	
  then	
  sample	
  pairs	
  of	
  incident	
  edges	
  (wedges)	
  
—  Output	
  the	
  estimate	
  of	
  the	
  closed	
  wedges	
  (triangles)	
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Assume	
  graph	
  fits	
  into	
  memory	
  
or	
  	
  

Need	
  to	
  store	
  a	
  large	
  fraction	
  of	
  data	
  



§  Assume	
  specific	
  order	
  of	
  the	
  stream	
  –	
  [Buriol	
  et.	
  al	
  2006]	
  	
  
•  Incidence	
  stream	
  model–	
  neighbors	
  of	
  a	
  vertex	
  arrive	
  together	
  in	
  the	
  

stream	
  

§  Use	
  multiple	
  passes	
  over	
  the	
  stream	
  –	
  [Becchetti	
  et.	
  al	
  KDD‘08]	
  

§  Single-­‐pass	
  Algorithms	
  
•  Streaming-­‐Triangles	
  –	
  [Jha	
  et.	
  al	
  KDD’13]	
  
—  Sample	
  edges	
  using	
  reservoir	
  sampling,	
  then,	
  sample	
  pairs	
  of	
  

incident	
  edges	
  (wedges)	
  
—  Scan	
  for	
  closed	
  wedges	
  (triangles)	
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Sampling	
  designs	
  used	
  for	
  specific	
  graph	
  properties	
  (triangles)	
  	
  
and	
  	
  

Not	
  generally	
  applicable	
  to	
  other	
  properties	
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Graph-Sample-and-Hold Framework


gSH(p,q)!
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Sample
 Hold


Chance	
  to	
  sample	
  a	
  subgraph	
  (e.g.,	
  triangle)	
  is	
  very	
  low	
  
	
  

Estimates	
  suffer	
  from	
  a	
  high	
  variance	
  



Graph-Sample-and-Hold Framework

gSH(p,q)!




①  Sampling
 ②  Estimation
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Graph-Sample-and-Hold Framework

gSH(p,q)!




①  Sampling
 ②  Estimation


Input 



We	
  use	
  Horvitz-­‐Thompson	
  statistical	
  estimation	
  framework	
  
•  Used	
  for	
  unequal	
  probability	
  sampling	
  	
  

	
  	
   [Horvitz and Thompson-1952] 
Journal of American Stat. Assoc. 
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§  We	
  generalize	
  the	
  equations	
  to	
  any	
  subset	
  of	
  edges	
  

§  Ex:	
  The	
  estimator	
  of	
  a	
  sampled	
  triangle	
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Unbiasedness 
[Theorem 1 (ii)] 



§  The	
  estimate	
  of	
  triangle	
  counts	
  is	
  

	
  

§  The	
  estimate	
  of	
  wedge	
  counts	
  is	
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  framework,	
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  variance	
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Web	
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  to	
  

6	
  graphs	
  with	
  7K	
  –	
  685K	
  nodes,	
  250K–	
  7M	
  edges	
  

CMU,	
  UCLA,	
  and	
  Wisconsin	
  

Google,	
  Berkeley-­‐Stanford,	
  Stanford	
  	
  

friends	
  



Order Selection Prob. Weights Est. Node Degree
(a,b) (b,c) (c,d) (a,b) (b,c) (c,d) (a,b) (b,c) (c,d) a b c d

1 2 3 ! ! ! p 1/p 1 1 1/p 1/p+ 1 2 1
· ! ! (1− p)p 0 1/p 1 0 1/p 1/p + 1 1
· · ! (1− p)2p 0 0 1/p 0 0 1/p 1/p
· · · (1− p)3 0 0 0 0 0 0 0

2 1 3 ! ! ! p 1 1/p 1 1 1/p+ 1 1/p + 1 1
! · ! (1− p)p2 1/p 0 1/p 1/p 1/p 1/p 1/p
· · ! (1− p)2p 0 0 1/p 0 0 1/p 1/p
! · · (1− p)2p 1/p 0 0 1/p 1/p 0 0
· · · (1− p)3 0 0 0 0 0 0 0

1 3 2 ! ! ! p2 1/p 1 1/p 1/p 1/p+ 1 1/p + 1 1/p
! ! · p(1− p) 1/p 1 0 1/p 1/p+ 1 1 0
· ! ! (1− p)p 0 1 1/p 0 1 1/p + 1 1
· ! · (1− p)2p 0 1/p 0 0 1/p 1/p 0
· · · (1− p)3 0 0 0 0 0 0 0

Table 1: Estimation on a path of length 3 using gSH(p, 1)

Algorithm 2: Graph Sample and Hold for Triangles:
gSHT (p, q)

K̂ ← ∅
while new weighted edge k do

if k would complete a triangle in K̂ then
r = 1

else
if k ∼ k′ some (k′, p′) ∈ K̂ then

r = q

else
r = p

Append (k, r) to K̂ with probability r

Table 2: Statistics of datasets. n is the number of nodes,NK is the
number of edges,NT is the number of triangles,NΛ is the number
of connected paths of length 2, α is the global clustering coefficient,
andD is the density.

graph n NK NT NΛ α D

socfb-CMU 7K 249.9K 2.3M 37.4M 0.18526 0.0114
socfb-UCLA 20K 747.6K 5.1M 107.1M 0.14314 0.0036

socfb-Wisconsin 24K 835.9K 4.8M 121.4M 0.12013 0.0029

web-Stanford 282K 1.9M 11.3M 3.9T 0.00862 5.01× 10−5

web-Google 876K 4.3M 13.3M 727.4M 0.05523 1.15× 10−5

web-BerkStan 685K 6.6M 64.6M 27.9T 0.00694 2.83× 10−5

weight estimators are 1, while the corresponding sums of the de-
gree estimators yield the the true node degree.

5. EXPERIMENTS AND EVALUATION
We test the performance of our proposed framework (gSH) as

described in Algorithm 2 (with r = 1 for edges that are closing
triangles) on various social and information networks with 250K–
7M edges. For all of the following networks, we consider an undi-
rected graph, discard edge weights, self-loops, and we generate the

Table 3: Estimates of expected value, relative error, sample size,
lower bounds, and upper bounds when sample size≤ 40K edges,
with sampling probability p, q = 0.005 for web-BerkStan, and
p = 0.005, q = 0.008 otherwise. SSize is the number of sam-
pled edges, and LB,UB are the 95% lower, and upper bound
respectively.

Edges NK

NK N̂K
|N̂K−NK |

NK
SSize LB UB

socfb-CMU 249.9K 249.6K 0.0013 1.7K 236.8K 262.4K
socfb-UCLA 747.6K 751.3K 0.0050 5K 729.3K 773.34K

socfb-Wisconsin 835.9K 835.7K 0.0003 5.5K 812.2K 859.1K
web-Stanford 1.9M 1.9M 0.0004 14.8K 1.9M 2M
web-Google 4.3M 4.3M 0.0007 25.2K 4.2M 4.3M
web-BerkStan 6.6M 6.6M 0.0006 39.8K 6.5M 6.7M

Triangles NT

NT N̂T
|N̂T −NT |

NT
SSize LB UB

socfb-CMU 2.3M 2.3M 0.0003 1.7K 1.6M 2.9M
socfb-UCLA 5.1M 5.1M 0.0095 5K 4.2M 6.03M

socfb-Wisconsin 4.8M 4.8M 0.0058 5.5K 4M 5.7M
web-Stanford 11.3M 11.3M 0.0023 14.8K 3.7M 18.8M
web-Google 13.3M 13.4M 0.0029 25.2K 11.7M 15M
web-BerkStan 64.6M 65M 0.0063 39.8K 45.5M 84.6M

Path. Length two NΛ

NΛ N̂Λ
|N̂Λ−NΛ|

NΛ
SSize LB UB

socfb-CMU 37.4M 37.3M 0.0018 1.7K 32.6M 42M
socfb-UCLA 107.1M 107.8M 0.0060 5K 100.1M 115.42M

socfb-Wisconsin 121.4M 121.2M 0.0018 5.5K 108.9M 133.4M
web-Stanford 3.9T 3.9T 0.0004 14.8K 3.6T 4.2T
web-Google 727.4M 724.3M 0.0042 25.2K 677.1M 771.5M
web-BerkStan 27.9T 27.9T 0.0002 39.8K 26.5T 29.3T

Global Clustering α

α α̂ |α̂−α|
α SSize LB UB

socfb-CMU 0.18526 0.18574 0.00260 1.7K 0.14576 0.22572
socfb-UCLA 0.14314 0.14363 0.00340 5K 0.12239 0.16487

socfb-Wisconsin 0.12013 0.12101 0.00730 5.5K 0.10125 0.14077
web-Stanford 0.00862 0.00862 0.00020 14.8K 0.00257 0.01467
web-Google 0.05523 0.05565 0.00760 25.2K 0.04825 0.06305
web-BerkStan 0.00694 0.00698 0.00680 39.8K 0.00496 0.00900
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gSHT (p, q)

K̂ ← ∅
while new weighted edge k do

if k would complete a triangle in K̂ then
r = 1

else
if k ∼ k′ some (k′, p′) ∈ K̂ then

r = q

else
r = p

Append (k, r) to K̂ with probability r

Table 2: Statistics of datasets. n is the number of nodes,NK is the
number of edges,NT is the number of triangles,NΛ is the number
of connected paths of length 2, α is the global clustering coefficient,
andD is the density.

graph n NK NT NΛ α D

socfb-CMU 7K 249.9K 2.3M 37.4M 0.18526 0.0114
socfb-UCLA 20K 747.6K 5.1M 107.1M 0.14314 0.0036

socfb-Wisconsin 24K 835.9K 4.8M 121.4M 0.12013 0.0029

web-Stanford 282K 1.9M 11.3M 3.9T 0.00862 5.01× 10−5

web-Google 876K 4.3M 13.3M 727.4M 0.05523 1.15× 10−5

web-BerkStan 685K 6.6M 64.6M 27.9T 0.00694 2.83× 10−5

weight estimators are 1, while the corresponding sums of the de-
gree estimators yield the the true node degree.

5. EXPERIMENTS AND EVALUATION
We test the performance of our proposed framework (gSH) as

described in Algorithm 2 (with r = 1 for edges that are closing
triangles) on various social and information networks with 250K–
7M edges. For all of the following networks, we consider an undi-
rected graph, discard edge weights, self-loops, and we generate the

Table 3: Estimates of expected value, relative error, sample size,
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with sampling probability p, q = 0.005 for web-BerkStan, and
p = 0.005, q = 0.008 otherwise. SSize is the number of sam-
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number of edges,NT is the number of triangles,NΛ is the number
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number of edges,NT is the number of triangles,NΛ is the number
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web-Stanford 1.9M 1.9M 0.0004 14.8K 1.9M 2M
web-Google 4.3M 4.3M 0.0007 25.2K 4.2M 4.3M
web-BerkStan 6.6M 6.6M 0.0006 39.8K 6.5M 6.7M

Triangles NT

NT N̂T
|N̂T −NT |

NT
SSize LB UB

socfb-CMU 2.3M 2.3M 0.0003 1.7K 1.6M 2.9M
socfb-UCLA 5.1M 5.1M 0.0095 5K 4.2M 6.03M

socfb-Wisconsin 4.8M 4.8M 0.0058 5.5K 4M 5.7M
web-Stanford 11.3M 11.3M 0.0023 14.8K 3.7M 18.8M
web-Google 13.3M 13.4M 0.0029 25.2K 11.7M 15M
web-BerkStan 64.6M 65M 0.0063 39.8K 45.5M 84.6M

Path. Length two NΛ

NΛ N̂Λ
|N̂Λ−NΛ|

NΛ
SSize LB UB

socfb-CMU 37.4M 37.3M 0.0018 1.7K 32.6M 42M
socfb-UCLA 107.1M 107.8M 0.0060 5K 100.1M 115.42M

socfb-Wisconsin 121.4M 121.2M 0.0018 5.5K 108.9M 133.4M
web-Stanford 3.9T 3.9T 0.0004 14.8K 3.6T 4.2T
web-Google 727.4M 724.3M 0.0042 25.2K 677.1M 771.5M
web-BerkStan 27.9T 27.9T 0.0002 39.8K 26.5T 29.3T

Global Clustering α

α α̂ |α̂−α|
α SSize LB UB

socfb-CMU 0.18526 0.18574 0.00260 1.7K 0.14576 0.22572
socfb-UCLA 0.14314 0.14363 0.00340 5K 0.12239 0.16487

socfb-Wisconsin 0.12013 0.12101 0.00730 5.5K 0.10125 0.14077
web-Stanford 0.00862 0.00862 0.00020 14.8K 0.00257 0.01467
web-Google 0.05523 0.05565 0.00760 25.2K 0.04825 0.06305
web-BerkStan 0.00694 0.00698 0.00680 39.8K 0.00496 0.00900

Order Selection Prob. Weights Est. Node Degree
(a,b) (b,c) (c,d) (a,b) (b,c) (c,d) (a,b) (b,c) (c,d) a b c d

1 2 3 ! ! ! p 1/p 1 1 1/p 1/p+ 1 2 1
· ! ! (1− p)p 0 1/p 1 0 1/p 1/p + 1 1
· · ! (1− p)2p 0 0 1/p 0 0 1/p 1/p
· · · (1− p)3 0 0 0 0 0 0 0

2 1 3 ! ! ! p 1 1/p 1 1 1/p+ 1 1/p + 1 1
! · ! (1− p)p2 1/p 0 1/p 1/p 1/p 1/p 1/p
· · ! (1− p)2p 0 0 1/p 0 0 1/p 1/p
! · · (1− p)2p 1/p 0 0 1/p 1/p 0 0
· · · (1− p)3 0 0 0 0 0 0 0

1 3 2 ! ! ! p2 1/p 1 1/p 1/p 1/p+ 1 1/p + 1 1/p
! ! · p(1− p) 1/p 1 0 1/p 1/p+ 1 1 0
· ! ! (1− p)p 0 1 1/p 0 1 1/p + 1 1
· ! · (1− p)2p 0 1/p 0 0 1/p 1/p 0
· · · (1− p)3 0 0 0 0 0 0 0

Table 1: Estimation on a path of length 3 using gSH(p, 1)

Algorithm 2: Graph Sample and Hold for Triangles:
gSHT (p, q)

K̂ ← ∅
while new weighted edge k do

if k would complete a triangle in K̂ then
r = 1

else
if k ∼ k′ some (k′, p′) ∈ K̂ then

r = q

else
r = p

Append (k, r) to K̂ with probability r

Table 2: Statistics of datasets. n is the number of nodes,NK is the
number of edges,NT is the number of triangles,NΛ is the number
of connected paths of length 2, α is the global clustering coefficient,
andD is the density.

graph n NK NT NΛ α D

socfb-CMU 7K 249.9K 2.3M 37.4M 0.18526 0.0114
socfb-UCLA 20K 747.6K 5.1M 107.1M 0.14314 0.0036

socfb-Wisconsin 24K 835.9K 4.8M 121.4M 0.12013 0.0029

web-Stanford 282K 1.9M 11.3M 3.9T 0.00862 5.01× 10−5

web-Google 876K 4.3M 13.3M 727.4M 0.05523 1.15× 10−5

web-BerkStan 685K 6.6M 64.6M 27.9T 0.00694 2.83× 10−5

weight estimators are 1, while the corresponding sums of the de-
gree estimators yield the the true node degree.

5. EXPERIMENTS AND EVALUATION
We test the performance of our proposed framework (gSH) as

described in Algorithm 2 (with r = 1 for edges that are closing
triangles) on various social and information networks with 250K–
7M edges. For all of the following networks, we consider an undi-
rected graph, discard edge weights, self-loops, and we generate the

Table 3: Estimates of expected value, relative error, sample size,
lower bounds, and upper bounds when sample size≤ 40K edges,
with sampling probability p, q = 0.005 for web-BerkStan, and
p = 0.005, q = 0.008 otherwise. SSize is the number of sam-
pled edges, and LB,UB are the 95% lower, and upper bound
respectively.

Edges NK

NK N̂K
|N̂K−NK |

NK
SSize LB UB

socfb-CMU 249.9K 249.6K 0.0013 1.7K 236.8K 262.4K
socfb-UCLA 747.6K 751.3K 0.0050 5K 729.3K 773.34K

socfb-Wisconsin 835.9K 835.7K 0.0003 5.5K 812.2K 859.1K
web-Stanford 1.9M 1.9M 0.0004 14.8K 1.9M 2M
web-Google 4.3M 4.3M 0.0007 25.2K 4.2M 4.3M
web-BerkStan 6.6M 6.6M 0.0006 39.8K 6.5M 6.7M

Triangles NT

NT N̂T
|N̂T −NT |

NT
SSize LB UB

socfb-CMU 2.3M 2.3M 0.0003 1.7K 1.6M 2.9M
socfb-UCLA 5.1M 5.1M 0.0095 5K 4.2M 6.03M

socfb-Wisconsin 4.8M 4.8M 0.0058 5.5K 4M 5.7M
web-Stanford 11.3M 11.3M 0.0023 14.8K 3.7M 18.8M
web-Google 13.3M 13.4M 0.0029 25.2K 11.7M 15M
web-BerkStan 64.6M 65M 0.0063 39.8K 45.5M 84.6M

Path. Length two NΛ

NΛ N̂Λ
|N̂Λ−NΛ|

NΛ
SSize LB UB

socfb-CMU 37.4M 37.3M 0.0018 1.7K 32.6M 42M
socfb-UCLA 107.1M 107.8M 0.0060 5K 100.1M 115.42M

socfb-Wisconsin 121.4M 121.2M 0.0018 5.5K 108.9M 133.4M
web-Stanford 3.9T 3.9T 0.0004 14.8K 3.6T 4.2T
web-Google 727.4M 724.3M 0.0042 25.2K 677.1M 771.5M
web-BerkStan 27.9T 27.9T 0.0002 39.8K 26.5T 29.3T

Global Clustering α

α α̂ |α̂−α|
α SSize LB UB

socfb-CMU 0.18526 0.18574 0.00260 1.7K 0.14576 0.22572
socfb-UCLA 0.14314 0.14363 0.00340 5K 0.12239 0.16487

socfb-Wisconsin 0.12013 0.12101 0.00730 5.5K 0.10125 0.14077
web-Stanford 0.00862 0.00862 0.00020 14.8K 0.00257 0.01467
web-Google 0.05523 0.05565 0.00760 25.2K 0.04825 0.06305
web-BerkStan 0.00694 0.00698 0.00680 39.8K 0.00496 0.00900

Edge Count Triangle Count 
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Figure 1: Convergence of the estimates (NK , NT , NΛ, α, upper and lower bounds) for socfb-UCLA and socfb-Wisconsin graphs,
for all possible samples with p, q in the range 0.005–0.1. Diamonds (Blue): E(est)
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Figure 2: Sampling Fraction (SSize
m , where SSize is the number of sampled edges) as p, q changes in the range 0.005–0.1 for web-

Google, web-Stanford, socfb-Wisconsin, and socfb-CMU graphs (ordered from sparse→ dense).
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Figure 2: Sampling Fraction (SSize
m , where SSize is the number of sampled edges) as p, q changes in the range 0.005–0.1 for web-

Google, web-Stanford, socfb-Wisconsin, and socfb-CMU graphs (ordered from sparse→ dense).

Global Clustering 

Actual 
Estimated/Actual 
Confidence Upper & Lower Bounds  
Sample Size = 40K edges 

Dataset:	
  	
  
facebook	
  friendship	
  graph	
  at	
  UCLA	
  	
  



§  Comparison	
  to	
  Streaming-­‐Triangles	
  [Jha	
  et.	
  al-­‐KDD’13]	
  

Table 4: Coverage Probability γ for 95% confidence
interval

graph γNK γNT γNΛ
γα

socfb-CMU 0.94 0.95 0.96 0.92
socfb-UCLA 0.96 0.95 0.95 0.92

socfb-Wisconsin 0.95 0.95 0.96 0.95
web-Stanford 0.97 0.92 0.95 0.92
web-Google 0.95 0.93 0.95 0.95
web-BerkStan 0.96 0.94 0.93 0.93

Table 5: The relative error and sample size of
Jha [25] in comparison to our framework for triangle
count estimation

Jha et al. [25] gSH

graph |N̂T −NT |
NT

SSize |N̂T −NT |
NT

SSize

web-Stanford ≈ 0.07 40K 0.0023 14.8K
web-Google ≈ 0.04 40K 0.0029 25.2K
web-BerkStan ≈ 0.12 40K 0.0063 39.8K

For each p = pi, q = qi, we compute the proportion of samples
in which the actual statistic lies in the confidence interval across
100 independent sampling experiments gSHT (pi, qi). We vary
p, q in the range of 0.005–0.01, and for each possible combination
of p, q (e.g., p = 0.005, q = 0.008), we compute the exact cover-
age probability γ. Table 4 provides the mean coverage probability
with p, q = {0.005, 0.008, 0.01} for all different graphs. Note
γNK , γNT , γNΛ

, and γα indicate the exact coverage probability of
edge, triangle, path length 2 counts, and clustering coefficient re-
spectively. We see that the nominal 95% confidence interval holds
to a good approximation, as γ ≈ 95% across all graphs.

5.3 Comparison to Previous Work
We compare to the most recent research done on triangle count-

ing by Jha et al. [25]. Jha et al. proposed a Streaming-Triangles al-
gorithm to estimate the triangle counts. Their algorithm maintains
two data structures. The first data structure is the edge reservoir
and used to maintain a uniform random sample of edges as they
streamed in. The second data structure is the wedge (path length
two) reservoir and used to select a uniform sample of wedges cre-
ated by the edge reservoir. The algorithm proceeds in a reservoir
sampling fashion as a new edge et is streaming in. Then, edge
et gets the chance to be sampled and replace a previously sam-
pled edge with probability 1/t. Similarly, a randomly selected new
wedge (formed by et) replaces a previously sampled wedge from
the wedge reservoir. Table 5 provides a comparison between our
proposed framework (gSH) and the Streaming-Triangles algorithm
proposed in [25]. Note that we compare with the results reported
in their paper.
From Table 5, we observe that across the three web graphs, our

proposed framework has a relative error orders of magnitude less
than the Streaming-Triangles algorithm proposed in [25], as well
as with a small(er) overhead storage (in most of the graphs). We
note that the work done by Jha et al. [25] compares to other state of
the art algorithms and shows that they are not practical and produce

Table 6: Elapsed time (seconds) for counting edges, triangles, and
paths of len.2

Full Graph Sampled Graph
graph Time Graph size Time SSize
web-Stanford 19.68 1.9M 0.13 14.8K
web-Google 5.05 4.3M 0.55 25.2K
web-BerkStan 113.9 6.6M 1.05 39.8K

a very large error; see Section 6 for more details.

5.4 Effect of p, q on Sampling Rate
While Figure 1 shows that the sampling distribution of the pro-

posed framework is unbiased regardless the choice of p, q, the ques-
tion of what is the effect of the choice of p, q on the sample size
still needs to be explored. In this section, we study the effect of the
choice of parameter settings on the fraction of edges sampled from
the graph.
Figure 2 shows the fraction of sampled edges as we vary p, q in

the range of 0.005–0.1 for twoweb graphs and two social Facebook
graphs. Note that the graphs are ordered by their density (check
Table 2) going from the most sparse to the most dense graph. We
observe that when q ≤ 0.01, regardless the choice of p, the fraction
of sampled edges is in the range of 0.5% – 2.5% of the total number
of edges in the graph. We also observe that as q goes from 0.01 to
0.03, the fraction of sampled edges would be in the range of 2.75%
– 5%. These observations hold for all the graphs we studied.
On the other hand, as q goes from 0.03 to 0.1, the fraction of

sampled edges depends on whether the graph is dense or sparse.
For example, for web-Google graph, as q goes from 0.03 to 0.1, the
fraction of sampled edges goes from 5% to 15%. Also, for web-
Stanford graph, as q goes from 0.03 to 0.1, the fraction of sampled
edges goes from 5% to 25%. Moreover, for the most dense graph
we have in this paper (socfb-CMU), the fraction of sampled edges
goes from 5% to 31%. Note that when we tried q = 1, regardless
the choice of p, at least more than 80% of the edges were sampled.
Since p is the probability of sampling a fresh edge (not adjacent

to a previously sampled edge), one could think of p as the probabil-
ity of random jumps (similar to random walk methods) to explore
unsampled regions in the graph. On the other hand, q is the prob-
ability of sampling an edge adjacent to previous edges. Therefore,
one could think of q as the probability of exploring the neighbor-
hood of previously sampled edges (similar to the forward probabil-
ity in Forest Fire sampling [29]).
From all the discussion above, we conclude that using a small p, q
settings (i.e., ≤ 0.008) is better to control the fraction of sampled
edges, and also recommended since the sampling distribution of
the proposed framework is unbiased regardless the choice of p, q
as we show in Figure 1 (also see Section 2). However, if a tight
confidence interval is needed, then increasing p, q helps reduce the
variance estimates.

5.5 Implementation Issues
In practice, statistical variance estimators are costly to compute. In
this paper, we provide an efficient parallel procedure to compute
the variance estimate. We take triangles as an example. Consider
for example any pair of triangles τ and τ ′, assuming τ and τ ′ are
not identical, the covariance of τ and τ ′ is greater than zero, if and
only if the two triangles are intersecting. Since two intersecting tri-
angles have either one edge in common or are identical, we can find
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Table 4: Coverage Probability γ for 95% confidence
interval

graph γNK γNT γNΛ
γα

socfb-CMU 0.94 0.95 0.96 0.92
socfb-UCLA 0.96 0.95 0.95 0.92

socfb-Wisconsin 0.95 0.95 0.96 0.95
web-Stanford 0.97 0.92 0.95 0.92
web-Google 0.95 0.93 0.95 0.95
web-BerkStan 0.96 0.94 0.93 0.93

Table 5: The relative error and sample size of
Jha [25] in comparison to our framework for triangle
count estimation

Jha et al. [25] gSH

graph |N̂T −NT |
NT

SSize |N̂T −NT |
NT

SSize

web-Stanford ≈ 0.07 40K 0.0023 14.8K
web-Google ≈ 0.04 40K 0.0029 25.2K
web-BerkStan ≈ 0.12 40K 0.0063 39.8K

For each p = pi, q = qi, we compute the proportion of samples
in which the actual statistic lies in the confidence interval across
100 independent sampling experiments gSHT (pi, qi). We vary
p, q in the range of 0.005–0.01, and for each possible combination
of p, q (e.g., p = 0.005, q = 0.008), we compute the exact cover-
age probability γ. Table 4 provides the mean coverage probability
with p, q = {0.005, 0.008, 0.01} for all different graphs. Note
γNK , γNT , γNΛ

, and γα indicate the exact coverage probability of
edge, triangle, path length 2 counts, and clustering coefficient re-
spectively. We see that the nominal 95% confidence interval holds
to a good approximation, as γ ≈ 95% across all graphs.

5.3 Comparison to Previous Work
We compare to the most recent research done on triangle count-

ing by Jha et al. [25]. Jha et al. proposed a Streaming-Triangles al-
gorithm to estimate the triangle counts. Their algorithm maintains
two data structures. The first data structure is the edge reservoir
and used to maintain a uniform random sample of edges as they
streamed in. The second data structure is the wedge (path length
two) reservoir and used to select a uniform sample of wedges cre-
ated by the edge reservoir. The algorithm proceeds in a reservoir
sampling fashion as a new edge et is streaming in. Then, edge
et gets the chance to be sampled and replace a previously sam-
pled edge with probability 1/t. Similarly, a randomly selected new
wedge (formed by et) replaces a previously sampled wedge from
the wedge reservoir. Table 5 provides a comparison between our
proposed framework (gSH) and the Streaming-Triangles algorithm
proposed in [25]. Note that we compare with the results reported
in their paper.
From Table 5, we observe that across the three web graphs, our

proposed framework has a relative error orders of magnitude less
than the Streaming-Triangles algorithm proposed in [25], as well
as with a small(er) overhead storage (in most of the graphs). We
note that the work done by Jha et al. [25] compares to other state of
the art algorithms and shows that they are not practical and produce
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web-Google 5.05 4.3M 0.55 25.2K
web-BerkStan 113.9 6.6M 1.05 39.8K

a very large error; see Section 6 for more details.

5.4 Effect of p, q on Sampling Rate
While Figure 1 shows that the sampling distribution of the pro-

posed framework is unbiased regardless the choice of p, q, the ques-
tion of what is the effect of the choice of p, q on the sample size
still needs to be explored. In this section, we study the effect of the
choice of parameter settings on the fraction of edges sampled from
the graph.
Figure 2 shows the fraction of sampled edges as we vary p, q in

the range of 0.005–0.1 for twoweb graphs and two social Facebook
graphs. Note that the graphs are ordered by their density (check
Table 2) going from the most sparse to the most dense graph. We
observe that when q ≤ 0.01, regardless the choice of p, the fraction
of sampled edges is in the range of 0.5% – 2.5% of the total number
of edges in the graph. We also observe that as q goes from 0.01 to
0.03, the fraction of sampled edges would be in the range of 2.75%
– 5%. These observations hold for all the graphs we studied.
On the other hand, as q goes from 0.03 to 0.1, the fraction of

sampled edges depends on whether the graph is dense or sparse.
For example, for web-Google graph, as q goes from 0.03 to 0.1, the
fraction of sampled edges goes from 5% to 15%. Also, for web-
Stanford graph, as q goes from 0.03 to 0.1, the fraction of sampled
edges goes from 5% to 25%. Moreover, for the most dense graph
we have in this paper (socfb-CMU), the fraction of sampled edges
goes from 5% to 31%. Note that when we tried q = 1, regardless
the choice of p, at least more than 80% of the edges were sampled.
Since p is the probability of sampling a fresh edge (not adjacent

to a previously sampled edge), one could think of p as the probabil-
ity of random jumps (similar to random walk methods) to explore
unsampled regions in the graph. On the other hand, q is the prob-
ability of sampling an edge adjacent to previous edges. Therefore,
one could think of q as the probability of exploring the neighbor-
hood of previously sampled edges (similar to the forward probabil-
ity in Forest Fire sampling [29]).
From all the discussion above, we conclude that using a small p, q
settings (i.e., ≤ 0.008) is better to control the fraction of sampled
edges, and also recommended since the sampling distribution of
the proposed framework is unbiased regardless the choice of p, q
as we show in Figure 1 (also see Section 2). However, if a tight
confidence interval is needed, then increasing p, q helps reduce the
variance estimates.

5.5 Implementation Issues
In practice, statistical variance estimators are costly to compute. In
this paper, we provide an efficient parallel procedure to compute
the variance estimate. We take triangles as an example. Consider
for example any pair of triangles τ and τ ′, assuming τ and τ ′ are
not identical, the covariance of τ and τ ′ is greater than zero, if and
only if the two triangles are intersecting. Since two intersecting tri-
angles have either one edge in common or are identical, we can find
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§  A	
  sample	
  is	
  representative	
  if	
  graph	
  properties	
  of	
  interest	
  can	
  be	
  
estimated	
  with	
  a	
  known	
  degree	
  of	
  accuracy	
  	
  

§  We	
  proposed	
  a	
  generic	
  framework	
  Graph	
  Sample	
  and	
  Hold	
  (gSH)	
  
-­‐  gSH	
  is	
  an	
  efficient	
  single-­‐pass	
  streaming	
  framework	
  
-­‐  gSH	
  selects	
  a	
  representative	
  sample	
  and	
  computes	
  unbiased	
  estimates	
  of	
  

counts	
  of	
  connected	
  subsets	
  of	
  edges	
  (e.g.,	
  triangles,	
  wedges	
  …)	
  	
  	
  
-­‐  Theoretical	
  properties	
  of	
  gSH	
  are	
  supported	
  by	
  empirical	
  analysis	
  	
  	
  	
  
	
  

§  gSH	
  admits	
  generalizations	
  by	
  allowing	
  the	
  dependence	
  of	
  the	
  
sampling	
  process	
  to	
  vary	
  based	
  on	
  the	
  stored	
  state	
  

	
  

§  gSH	
  has	
  a	
  relative	
  estimation	
  error	
  <	
  1%	
  for	
  a	
  sample	
  size	
  <40K	
  
edges	
  

	
  



§  Extend	
  gSH	
  to	
  adaptively	
  change	
  the	
  parameters	
  (p,q),	
  to	
  
maintain	
  a	
  fixed	
  size	
  stored	
  state	
  

§  Extend	
  gSH	
  to	
  estimate	
  graphlets	
  and	
  induced	
  subgraphs	
  with	
  
more	
  than	
  three	
  nodes	
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